The innermost stable circular orbit equation of a test particle is obtained for an approximate Kerr-like spacetime with quadrupole moment. We derived the effective potential for the radial coordinate by the Euler-Lagrange method. This equation can be employed to measure the mass quadrupole by observational means, because from this equation a quadratic polynomial for the quadrupole moment can be found. As expected, the limiting cases of this equation are found to be the known cases of Kerr and Schwarzschild.
I. Introduction
In classical mechanics the orbit of a test particle around a massive object is arbitrary. This is because the effective potential is minimum, for any value of the angular momentum. Nevertheless, in general relativity this is not the case. The effective potential in the Schwarzschild metric has two extrema. When the angular momentum is minimum the two extrema become a single radius which describes the innermost stable circular orbit (ISCO) [15] .
Naturally, the rotation of the central body influences the motion around of a particle orbiting it, this is why the orbits around black holes differ between metrics [9] . Another important feature of compact object is its quadrupole moment (q) [12] . It is expected that it would affect the orbits around compact objects. For many exact spacetimes, one cannot find analytical expresions for radii and frequencies of the ISCO. Moreover, Geodesics analysis is cumbersome for such
II. The Kerr-like Metric
This metric describes the spacetime of a massive, rotating, deformed object. It has three parameters, the mass of the object, M , the rotation parameter, a and the quadrupole parameter, q. It is an approximate solution of the Einstein field equations and is given by
where the components of the metric are
with J = Ma, ρ 2 = r 2 − a 2 cos 2 θ and ∆ = r 2 − 2Mr + a 2 . The exponents ψ and χ are given by
where P 2 = (3 cos 2 θ − 1)/2. As limiting cases this spacetime contains the Kerr (q = 0) and the Schwarzschild metrics (q = a = 0).
III. Deriving the ISCO
The method, we are using, was devised by Chandrasekhar [4] . The Lagrangian is given by
The dot over the variables t, r, θ and φ means derivative with respect to λ. To determine the ISCO of a test particle in the plane, one setsθ = 0 and θ = π/2. This leaves the Lagrangian as follows
where the components of the metric becomes
with the exponents ψ and χ are reduced to
Mq r 4 (8)
The momenta of the three remaining variables are
tφ , E and L z are constants that represent the energy and the angular momentum.ṫ andφ are solveḋ
The Hamiltonian is
The effective potential V e f is then
Using u = 1/r and the equations 8 to 7, then the effective potential in 12 can be reduced to
The latter expression has to be differentiated twice to find the values of r where the orbit is stable.
Now, we rewrite these equations using x = aE − L z as follows
where the expressions are set to zero, because we are interested in determining the ISCO equation. From 16 and 17, E 2 is found
A fourth order polynomial for x is obtained from 17 and 19
where
The solution for x 2 is given by
with
Inserting 22 in 19 one finds E 2
Substituting 24 and 22 in 14, L 2 z is determined
where A = u 2 Z + Z − . Finally, substituting 24, 25 and 22 in 15 and changing u = 1/r, the ISCO equation is found
IV. Comparing with known metrics
Now, we proceeded to analyze the limiting cases for the possible r values. For this analysis we also used a REDUCE program which finds the solutions for equations such as the one obtained in 26.
The first limiting case is when q = a = 0 which reduces to the known Schwarzschild metric case (r = 6M). For Schwarzschild, the relation found is the following
Clearly, the Schwarzschild case is contained in 27. It is also found the values of the energy and angular momentum, reducing 22 and 19 and using r = 6M and ε = 1/2.
As seen in 28 and 29 both values are the ones found by Chandrasekhar [4] . The other important case is Kerr, reducing 26 to Kerr means that q = 0. The ISCO equation for the Kerr metric found by Chandrasekhar and Pradhan [4, 11] is
Squaring the last expression, one gets
The simplification of 26 is
From last expression, after squaring, we get
Obviously equation 30 is contained in 32, giving us the solutions for the Kerr case. The energy and angular momentum are
These values for E and L z are exactly the same as the ones determined by Chandrasekhar [4] which validates the original equations 22, 19 and 25.
V. Discussion
We have successfully found the ISCO equation for a Kerr-like metric with quadrupole, that reduces to the known equations for Kerr (q = 0) and Schwarzchild (q = a = 0) metrics.
Graphical analysis concerning the dependence of the ISCO radius, energy and angular momentum with the mass, rotation parameter, and quadrupole parameter will be discussed in a future article.
An important feature of the ISCO equation, is that it is quadratic in q, therefore it is easily solvable given the values of a, M and r ISCO . This means that, given this model, indirect measurement of the quadrupole parameter of a compact object can be completely done from observational data regarding the mass, rotational parameter and ISCO radius of the object.
Further applications, including analysis of observational data, as well as extending the ISCO equation for the inclusion of charged compact objects, will be done in future papers.
